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a b s t r a c t
In this work we analyse the influence of the spatial distribution function, introduced by
Ponte Castañeda andWillis (1995), on theHashin–Shtrikmanbounds on the effective trans-
port properties of a transversely isotropic (TI) three-phase particulate composite, i.e. when
two distinct materials are embedded in a matrix medium. We provide a straightforward
mechanism to construct associated bounds, independently accounting for the shape, size
and spatial distribution of the respective phases, and assuming ellipsoidal symmetry.
The main novelty in the present scheme resides in the consideration of more than a
single inclusion phase type. Indeed, unlike the two-phase case, a two-point correlation
function is necessary to characterize the spatial distribution of the inclusion phases in order
to avoid overlap between different phase types. Moreover, once the interaction between
twodifferent phases is described, the schemedeveloped can straightforwardly be extended
to multiphase composites.
The uniform expression for the associatedHill tensors and the use of a proper tensor ba-
sis set, leads to an explicit set of equations for the bounds. This permits its application to a
wide variety of phenomena governed by Laplace’s operator. Some numerical implementa-
tions are provided to validate the effectiveness of the scheme by comparing the predictions
with available experimental data and other theoretical results.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction
The prediction of the effective transport and elastic properties of multiphase materials has attracted the attention of
scientists and engineers over many years now. Such materials, whether they be naturally occurring or synthetic, frequently
exhibit enhanced physical and mechanical properties. The determination of such macroscopic or effective properties of
reinforcedmaterials, polymers, biomaterials and the exploration of the nature of hydrocarbon reservoirs are just a few of the
many applications. Fromamathematical point of view, the exact prediction of the effective properties ofmedia characterized
by amicrostructure is generally an impossible assignment, since the associated physical phenomena are governed by partial
differential equations with rapidly varying coefficients.
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Before the early sixties, key results were given by Wiener [1] in 1912 for the effective conductivity and Voigt [2] and
Reuss [3] in 1889 and 1928 respectively, in the case of elastic modulus tensor. These latter results were identified as upper
and lower bounds (CR ≤ C∗ ≤ CV ) on the effective elastic properties C∗, and for a composite whose rth constituent modulus
is labelled Cr , r = 0, . . . , n they are
CV =
n
r=0
ξrCr , CR =

n
r=0
ξr(Cr)−1
−1
, ξr : rth phase volume fraction.
Wiener’s results provided the same form of bounds but for the transport scenario. The rapid development of the aerospace
industry initiated numerous contributions to the subject in the early sixties; especially as regards the understanding
of the overall behaviour of more complicated geometries such as fibre-reinforced composites. In particular Hashin
and Shtrikman [4] established a variational principle for elastostatics which they subsequently applied to multiphase
(macroscopically isotropic) composites [5] and the resulting bounds have become known as the Hashin–Shtrikman (HS)
bounds on multiphase media. The advantage of the HS bounds over the Reuss–Voigt bounds is that the former use
information about the macroscopic anisotropy of the composite, and thus permit an improvement over the Reuss–Voigt
bounds in almost all cases. Derivations of the HS bounds have been improved by many authors since they were originally
devised, see e.g. [6,7] and for a recent exposition of the nature of their construction [8].
Of particular note is the work by Ponte-Castañeda & Willis [9], who introduced a comparison material and included
additional microstructural information represented by a two-point correlation function. This permitted the derivation of
a more general methodology for n distinct types of inclusion phases that could be selected independently of their spatial
distribution, although their applications were all associated with two phase materials. Indeed over the last few decades,
although a large number of approaches have been proposed to predict the effective properties for the two phase case (see
e.g. [1,3,10,11,2,12]), the three-phase model (of special significance in the effective thermal conductivity of unsaturated
soils for example) has been treated less frequently. Amongst the authors who have treated such problems is the composite
spheres model developed by Friedman [13] for permittivity. This notable example that does permit the study of this case,
but then only with very special conditions on the microstructural information. Not all applications will possess this; an
interesting application is the prediction of the overall properties of resins reinforcedwith one dimensional carbon nanotubes
(fibres) or two dimensional graphene nanoplatelets (discs) [14], due to their light weight and good chemical resistance
compared to more conventional materials. In fact, to study the associated properties and based on experimental analysis or
well known expressions, analytical models can be employed [15–19]. However, these schemes have a limited applicability,
cannot be used for more general geometries and none consider the spatial distribution effect between different phases.
In this work therefore, our aim in this work is to develop the methodology for three-phase HS bounds in order to
accommodate geometries and microstructural parameters that incorporate the spatial distribution of the inclusions. It
should be noted that the present scheme is certainly not a simple extension of that studied in [20] for the two phase
case. Most importantly, the present case describes the interaction, not only between inclusions of the same phase, but also
between different phases, to avoid their overlap, thanks to the probability density function introduced in [9]. Therefore, as a
consequence, the developed scheme can straightforwardly be employed and extended for the derivation of the HS bounds
for multiphase composites. For the particular case of spheroidal inclusions, we analyse the influence of their aspect ratio on
the volume fractions of any phase, something that as far as we know has not been clearly described in the literature.
It should be noted that although the general form for the HS bounds applicable to arbitrarily anisotropic composites can
be written down in some cases, works concerning the construction of such bounds from first principles (volume fractions,
elastic or physical properties, shapes of phases of the composite and their spatial distribution) of a given material are not
easily found, if they exist at all, particularly for the three phase case.
For all these reasons, using a tensor-basis for transverse isotropy and exploiting the uniformity of the so-called Eshelby
and Hill tensors [21], we construct explicit expressions for the HS bounds for the effective quasi-static transport properties
(thermal or electrical conductivity, electrical resistivity or magnetic permeability) for transversely isotropic (TI) three phase
media, incorporating information as regards the shape, relative size and distribution of the two filler phases.
Using the symmetrical way in which it relates two different types of inclusion phases, the fact that the Mori–Tanaka
model cannot be realized from the Ponte Castañeda & Willis method will be graphically exposed. The explicit dependence
of the obtained formulae on the microstructural parameters provides the possibility of application to a wide range of
geometries and not only the case of spherical inclusions and distributions, which is a frequent assumption.
We illustrate the implementation of the scheme with several examples where comparisons with other theoretical
predictions confirm that the present model can predict and bound the effective transport properties with accuracy.
2. Problem statement
It iswell known that Laplace’s equation governs a significant range of applications, e.g. electrical and thermal conductivity
and permittivity, magnetic permeability to name but a few. The mathematical formulation of such problems is therefore
identical. In this work to fix notation, we restrict attention to the prediction of the macroscopical electrical conductivity of a
356 C. Calvo-Jurado, W.J. Parnell / Journal of Computational and Applied Mathematics 318 (2017) 354–365
Fig. 1. Figure illustrating the inclusion phase geometries. The kth inclusion phase (k = 1, 2) consists of nk inclusions, all with the same shape (i.e. aspect
ratio) as the associated reference ellipsoid θ ik but with potentially different sizes and orientations.
bounded heterogeneous mediumΩ ⊂ RN that in absence of internal current sources is governed by the Dirichlet problem
div

6(x)∇φ(x) = 0 x ∈ Ω,
φ(x) = φ0 x ∈ ∂Ω. (2.1)
In (2.1), ∇φ(x) = q(x) is the electric field, j(x) = 6(x)q(x) the current, −φ(x) is the electrical potential and 6(x) the
conductivity tensor. Wewill assume that the heterogeneousmedium consists of three homogeneous phases: thematrixΩ0
andΩk, k = 1, 2, the inclusion phases satisfyingΩ = 2k=0Ωk, whose distributions are described by some characteristic
functions χk(x), k = 0, 1, 2, taking the value unity when x ∈ Ωk and zero otherwise. The heterogeneous electrical
conductivity is defined as 6(x) = 2k=0 χk(x)6k, where 6k, k = 0, 1, 2, are the respective homogeneous conductivity
tensors of the different phases, that are occupying constant volume fractions, defined by
ξk = |Ω
k|
|Ω| =
1
|Ω|

Ω
χk(x) dx, subject to the restriction
2
k=0
ξk = 1.
The problem (2.1) requires boundary conditions on the interface between the three phases, and we assume those of
perfect continuity, i.e.
q(x)|∂Ω0 = q(x)|∂Ωk , 60∇φ(x) · ν0 = 6k∇φ(x) · νk on ∂Ω0 = ∂Ωk, k = 1, 2
where νk is the unit vector normal to the boundary ∂Ωk, k = 0, 1, 2.
Following Hill [22] the average behaviour of the composite is defined by its effective energy function
W ∗(q¯) = min
q∈A
1
|Ω|

Ω
W (x, q) dx
where A is the set of admissible current fields A = {j : div j = 0, φ = φ0}, and f denotes the spatial volume average of
the function f (x) over the domainΩ . Because of linearity,W ∗(q¯) = q¯ · 6∗q¯, where 6∗ is the effective conductivity tensor,
which satisfies
j¯ = ∂W
∗(q¯)
∂ q¯
= 6∗q¯.
In this work we assume:
(i) For k = 1, 2, the kth-phase consists of nk ellipsoidal inclusions θ ik,αk whose shapes are defined bymatrices Eik,αk ∈M3(R)
(the set of symmetrical matrices with real coefficients) in the following sense:
Ωk =
nk
αk=1
θ ik,αk =
nk
αk=1
{x ∈ R3 : with |Eik,αkx| < 1}, αk = 1, . . . , nk. (2.2)
Note that the superscript i refers to the shape associated with the inclusion rather than distribution for which we will use a
superscript d, as defined shortly.
For every αk = 1, . . . , nk, the ellipsoidal inclusion θ ik,αk has the same shape (but is potentially of different size) as a
reference ellipsoid θ ik given by a symmetric matrix E
i
k (see Fig. 1).
(ii)Ω is statistically homogeneous, i.e. the probability density pk(x) of finding an inclusion of type k centred at x is a constant,
equal to the number of inclusions of type k per unit total volume, i.e. pk(x) = nk/|Ω| = pk, k = 1, 2.
(iii) Ω has ellipsoidal symmetry [7] for the distribution of the inclusions. This means that for k = 1, 2, the conditional
probability density function p(k|ℓ)(x, x′) for finding an inclusion of type k centred at x given that there exists an inclusion
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Fig. 2. Within the composite, inclusions comprising the kth phase and associated distributions all have the same shape but can be of different size and
orientation, as illustrated here.
of type ℓ centred at point x′, depends on x′′ = x′ − x only through the expression |Ed(kℓ),α(kℓ)x′′|, for some matrix Ed(kℓ),α(kℓ)
which defines the ellipsoid (see Fig. 2)
θd(kℓ),α(kℓ) = {z ∈ R3 : with |Ed(kℓ),α(kℓ)z| < 1}, α(kℓ) = 1, . . . , 2(nk + nℓ). (2.3)
For every α(kℓ) = 1, . . . , 2(nk + nℓ), k = 1, 2, θd(kℓ),α(kℓ) has the same shape (not necessarily size) as a reference ellipsoid
θd(kℓ), defined by E
d
(kℓ) ∈M(R3).
(iv) Ellipsoidal inclusions are distributed in a manner such that particle overlapping is excluded. This means, assuming that
θ ik,α′k
and θ i
ℓ,α′
ℓ
are two inclusions from phases k and ℓ respectively, centred at x and x′ respectively, then p(k|ℓ)(x, x′) = 0.
Remark 2.1. As remarked upon above, the superscripts i and d refer to the ellipsoidal inclusions and distributions respec-
tively, characterizing the arrangement of both inclusion phases. Therefore, from hypothesis (iv) it follows that the ellipsoid
θd(kℓ),α(k0ℓ0)
defining the two point correlation function of the distribution, must be chosen just large enough to guarantee
p(ℓ0|k0) = 0. Moreover, from the definition of conditional probability, one deduces the symmetry θd(kℓ),α(kℓ) = θd(ℓk),α(ℓk) for
the ellipsoidal distribution. Finally in the specific case θd(kk),α(kk) , we write θ
d
k,αk
for simplicity.
3. Hashin–Shtrikman bounds
Under the assumptions stated above, in the present section we will derive explicit HS bounds on the effective properties
of TI three phase materials. Firstly, recall the following proposition (see [20]) for multiphase composites (see also [9,8] for
the elasticity setting).
Proposition 3.2. Consider a homogeneous comparisonmaterial with uniform conductivity tensor 6c . Assume that the composite
is statistically homogeneous and the distribution of inclusion phases is defined by ellipsoidal symmetry. Then, Hashin–Shtrikman
bounds 6B for the effective conductivity of the heterogeneous media are given by the inequalities
6∗ ≥ (≤)6c + τ¯∗ := 6B (3.4)
whenever 6c ≤ min0≤r≤n 6r(≥ max0≤r≤n 6r), where τ¯∗ = nk=0 ξkτ∗k is the average of the optimal polarizations τ∗k , which
satisfy the relations
(60 − 6c)−1τ∗0 −
1
ξ0
n
k=1
n
ℓ=1
M(kℓ)(τ∗ℓ − τ∗0) = I
(6k − 6c)−1τ∗k +
1
ξk
n
ℓ=1
M(kℓ)(τ∗ℓ − τ∗0) = I, k = 1, . . . , n.
(3.5)
The parametersM(kℓ) in (3.5) depend on 6c and on the microstructure. They can be shown to be symmetric and to have the form
M
(kℓ) = ξk(δkℓPki − ξℓP(kℓ)d ), k, ℓ = 1, . . . , n. (3.6)
Here, Pki and P
(kℓ)
d denote the uniform Hill-tensors of the inclusion from the kth phase and the spheroidal distribution associated
with the interaction between the kth and ℓth phases. See the Appendix for brief details associated with the Hill tensor and a full
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exposition is given in [21].
Pki =

θ ik
Γ c(x− x′)dx′, x ∈ θ ik, and Pkℓd =

θd
(kℓ)
Γ c(x− x′)dx′, x ∈ θd(kℓ)
where Γ c is the second derivative of the Green’s function [21] for an infinite mediumwith conductivity of the uniform comparison
tensor 6c .
Remark 3.3. Following Remark 2.1, we have P(kℓ)d = P(ℓk)d , and for conciseness we write Pkd in place of P(kk)d , k = 0, . . . , n.
Remark 3.4. The Hashin–Shtrikman bounds are thus 6B = 6+ or 6− satisfying 6− ≤ 6∗ ≤ 6+, where 6+ and 6− are
obtained when the comparison material are the largest 6c = max0≤r≤n 6r and the smallest 6c = min0≤r≤n 6r conducting
phase respectively. If the comparison material is neither the largest nor the smallest conducting phase, then 6B is only an
approximation to the effective properties and in the following this will be denoted by S.
3.1. Hashin–Shtrikman bounds for a three-phase anisotropic composite
Although some aspects of the above have been associated with the multiphase case, from hereon-in we shall restrict
attention to the three-phase scenario and for simplicity, we will assume that 62 and 60 are the largest and the smallest
conductivity tensors respectively, i.e.:
60 ≤ min{61,62}, 62 ≥ max{60,61} (3.7)
in the sense that c · (60 − 6k)c ≤ 0, and c · (62 − 6ℓ)c ≥ 0, k = 1, 2, ℓ = 0, 1, for some arbitrary vector c.
The main result of this section is the following
Theorem 3.5. Consider Ω ⊂ R3, a three phase statistically homogeneous composite satisfying (i)–(iv) with associated phase
conductivity tensors 60, 61, 62 satisfying (3.7). Then, the Hashin–Shtrikman bounds on the effective conductivity tensor 6∗
satisfy 6− ≤ 6∗ ≤ 6+ are expressed in the form
6− = 60 + (ξ1τ∗1− + ξ2τ∗2−), (3.8)
6+ = 62 + ( ξ0τ∗0+ + ξ1τ∗1+), (3.9)
for the optimal polarizations τ∗1
−, τ∗2
−, τ∗0
+, τ∗1
+, which satisfy the explicit expressions
τ2
∗− = (H2)−1[q¯+ ξ1Pd(21)τ1∗−],
τ∗1
− = [H1 − ξ2ξ1P(12)d (H2)−1Pd(21)]−1[I+ ξ2P(12)d (H2)−1]q¯,
Hk = [(6k − 60)−1τk∗− + Pki − ξkP(kk)d ], k = 1, 2,
(3.10)
τ∗0
+ = A12[−ξ1I+ A11τ∗1+]
τ∗1
+ =

A012A12A11 − (A12)−1
−1
ξ0 + A012A12ξ1

ξ0 + A012A12ξ1

A12 = [M(11) +M(12)]−1, Ak = ξk(6k − 62)−1, k = 0, 1,
A11 = (A1 +M(11)), A012 = [A0 +M(11) + 2M(12) +M(22)],
where I denotes the second order identity tensor with components Ikℓ.
Proof. Set n = 2 in (3.5) and as homogeneous comparison material take 6c = 60. Then the polarization tensor τ0∗ = 0.
From (3.4) and Remark 3.4 we deduce (3.8)
(6k − 60)−1τ∗k− +
1
ξk
2
ℓ=1
(δkℓPki − ξℓP(kℓ)d )τ∗ℓ− = I, k = 1, 2,
which can be written in the form
H1τ∗1
− − ξ2P(12)d τ∗2− = I and H2τ∗2− − ξ1P(21)d τ∗1− = I. (3.11)
From this the explicit forms for τ∗1
− and τ∗2
− in (3.10) follow. Analogously we can deduce the upper bound (3.9).
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Fig. 3. TheMori–Tanakamethod gives rise to problems for themulti-phase scenariowhen inclusions are spheroidal in the general case. Themicrostructural
interpretation of the scheme is that the interaction spheroids must be the same shape as the associated inclusions. This means in particular that it would
yield θd(kℓ),α(kℓ) ≠ θd(ℓk),α(ℓk) in the general case, unless all inclusions are e.g. spherical.
Remark 3.6. In the general case if we take 6c = 60 in (3.5) we obtain the approximation S to 6∗. Specifically, when the
distribution is the same for all inclusion pairs, i.e. θd(kℓ) = θd, k, ℓ = 1, 2 (and therefore P(12)d = P(11)d = P(22)d = Pd),
Σ∗ ≈ S = 60 +

I−
2
k=1
ξk

(6k − 60)−1 + Pki
−1 Pd−1  2
k=1
ξk

(6k − 60)−1 + Pki
−1
, (3.12)
whichwhen all inclusions have the same shape and their distributions have the same symmetry, i.e. (θdk = θ ik = θ, k = 1, 2)
leads to the corresponding expression given by Willis in [7].
Expanding expression (3.12)with respect to the volume fraction, we derive the following approximation for6∗ to second
order in the volume fraction,
Σ∗ ≈ 60 +
2
k=1
ξk

(6k − 60)−1 + Pki
−1 +  2
k=1
ξk[(6k − 60)−1 + Pki ]−1

Pd

2
k=1
ξk[(6k − 60)−1 + Pki ]−1

+O((ξk)3). (3.13)
In (3.13), the well-documented fact that the distribution of inclusions first appears at second order in the volume fraction is
evident.
Remark 3.7. Expression (3.12) can be compared with the Mori–Tanaka approximation [23]
Σ∗MT = 60 + 60
2
k=1

I−
2
k=1
Pki L
k
−1
ξkLk
where Lk = (6k − 60)Ski + 60−1 (6k − 60), and Ski = Pki6k is Eshelby’s tensor for the inclusion phase k = 1, 2 [21].
The Mori–Tanaka scheme assumes that an inclusion behaves as an isolated inclusion in an infinite matrix, under some
effective uniform boundary conditions in the far field [24,23]. In particular [23] established that the distribution spheroid
associated with this scheme needs to be the same as the inclusion. This leads to inconsistencies in terms of microstructural
interpretation and in particular here in the three-phase (two-inclusion) case, one can see that it will cause an issue because
it would give rise to a non-symmetric interaction spheroid θd(kℓ),α(kℓ) , ∀ℓ = 1, 2, i.e. θd(kℓ),α(kℓ) ≠ θd(ℓk),α(ℓk) and then therefore
p(k|ℓ) ≠ p(ℓ|k), something that is contradictory by definition (see Fig. 3). This situation therefore cannot be realized from
Theorem 3.5.
This explains past results for three-phase composites, which illustrated that the Mori–Tanaka method produced results
residing outside the Hashin–Shtrikman bounds [25], unless all inclusions are spherical, in which case the conditions for
microstructural construction are met.
3.2. A three-phase composite with aligned spheroidal inclusions
Consider now the restriction to the case of spheroidal inclusions with shapes defined by the reference spheroids
θ ik, k = 1, 2 associated with the kth phase, where the long or short axis (prolate or oblate) of the spheroid is directed in
the x3 direction, see Figs. 4–6. The inclusion centres are randomly distributed throughout three dimensional space with
the mechanism for distribution defined by the distribution spheroids, having aspect ratios ρdk (for spheroids of phase k
interacting with other spheroids from phase k) and ρ (for spheroids of phase k interacting with spheroids from phase ℓ).
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Fig. 4. Aligned spheroidal distribution in a three-phase composite.
Fig. 5. Prolate (left) and oblate (right) spheroidal inclusions.
The associated reference spheroids for these distributions are defined by θdk and θ
d
(12). This arrangement will clearly lead to
a transversely isotropic effective medium, with the x1x2 plane being the plane of isotropy.
Recall that inclusion phase k consists of nk inclusions, eachwith specific spheroid (all with potentially different size) θ ik,αk
and associated distribution spheroids θdk,αk , θ
d
(12),α(12)
. If the semi-axis along the long/short axes is defined as arαk , r = i, d for
the αkth inclusion of phase k, the associated matrices are defined as
Erk,αk =
1
(arαk)
2
Erk =
1
(arαk)
2
ρrk2 0 00 ρrk2 0
0 0 1
 , r = i, d,
Ed(12),α(12) =
1
(adα(12))
2
Ed(12) =
1
(adα(12))
2
ρ2 0 00 ρ2 0
0 0 1

where Eik, E
d
k and E
d
(12) are the matrix representation of the reference spheroids θ
i
k, θ
d
k and θ
d
(12) respectively.
It should be noted that according to the non-overlapping assumption regarding the inclusions (iv), the volume fractions
of the three materials as well as the aspect ratios the two families of spheroidal inclusions and their respective spheroidal
distributions, must reside in so-called safe ranges related to howmuch of any inclusion phase can fit into a security spheroid
(see Fig. 6). On one hand, this implies that the parameters ρ ik,αk , ρ
d
k,αk
and ρd(12),α(12) > 0, must be chosen large enough such
that ∀x, x′ ∈ R3 p(k|ℓ)(x, x′) = 0 in θd(kℓ),α(kℓ) , α(12), αk = 1, . . . , nk, k = 1, 2. At the same time, the feasible values of ξr
depend on the size of the inclusions and on whether ρ ik > ρ
d
k or ρ
i
k < ρ
d
k . In this sense, we must select
ξk = |Ω
k|
|Ω| =
nk
αk=1
|θ ik,αk |
|Ω| ≤


ρdk ∨ ρ
ρ ik
2 nk
αk=1

aiαk
adαk ∨ ad12
3
, if ρ ik ≥ ρdk

ρdk ∧ ρ
ρ ik
2 nk
αk=1

aiαk
adαk ∧ ad12
3
, if ρ ik ≤ ρdk
(3.14)
where | · | denotes the Lebesgue measure, a ∨ b = max{a, b} and a ∧ b = min{a, b}. Note that ξk depend on the shape
through the aspect ratio term multiplying the sum and on the inclusion size thanks to the terms under the summation.
As an example, consider phase 2 in Fig. 6, where it follows that given ρ i2 > 1, ρ
d
2 < 1 and ρ = 1, the first of (3.14) leads to
ξ2 ≤ (ρd2/ρ i2)2 since aiα2 = adα2 . For phase 1 on the other hand, ρ i1 < 1, ρd1 > 1 and of course ρ = 1 still. We therefore deduce
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that ξ1 ≤ ρ i1/ρ. Alternatively, for k = 1, 2, fixing ρ ik, ξk and ρdk (or ρ), is possible to derive conditions on the maximum ρ
(or ρdk ) permitted.
3.3. Construction of the bounds
In this section we construct the Hashin–Shtrikman bounds for the three-phase transversely isotropic (TI) composites
described above, allowing them to be coded up explicitly in a direct manner in any mathematical package. We assume that
the phases can also be TI with principal axes of anisotropy aligned with the axes of the spheroid and plane of isotropy being
the x1x2 plane.
The basic idea follows from observing that any second order TI tensor6 ∈ R3×3, can be defined by using two arguments
6r = (σ r1 , σ r2 ), r = 0, 1, 2, with σ r2/σ r1 = σ r the coefficient of anisotropy, thanks to the proper definition of the following
TI tensor basis set
{I(1)ij , I(2)ij }, where I1ij = Θij = δij − δi3δj3, I2ij = δ13δj3. (3.15)
With this notation, we can write down the operations of addition, contraction and the inverse (in short-hand notation) on
two TI tensors 6k = (σ k1 , σ k2 ) and 6ℓ = (σ ℓ1 , σ ℓ2 ) respectively by
6k + 6ℓ = (σ k1 + σ ℓ1 , σ k2 + σ ℓ2 )
6k6ℓ = (σ k1σ ℓ1 , σ k2σ ℓ2 ), (6k)−1 = (1/σ k1 , 1/σ k2 ). (3.16)
Thanks to the explicit expressions (see in the Appendix (A.18)–(A.20)) for the P-tensor, (3.16) are employed when such
expressions are introduced into (3.8)–(3.10) for the determination of the HS bounds, we deduce them in terms of the two
components of the Hill tensor for phase k, Pkr = (p1kr , p2kr) where k = 1, 2 (phase) and r = i, d,m (inclusion, same phase
distribution, mixed phase distribution (when no k will be present)). This leads to the following explicit expressions for the
HS bounds 6− = (σ−1 , σ−2 ) and 6+ = (σ+1 , σ+2 ), i.e.
σ+j = σ 2j +
ξ1
ξ0 + ξ1(pj1i−pj1dξ1)−2pjmξ1ξ2+ξ2(pj2i−pj2dξ2)+ ξ0(σ0j −σ2j )
pj1i−pj1dξ1−pjmξ2

ξ1(−pj1i + pj1dξ1)+ pjmξ1ξ2 +

ξ1(p
j
1i−pj1dξ1)−2pjmξ1ξ2+ξ2(pj2i−pj2dξ2)+
ξ0
(σ0j −σ2j )

pj1i−pj1dξ1+ 1(σ1j −σ2j )

pj1i−pj1dξ1−pjmξ2
+

ξ0(σ
0
j − σ 2j )

ξ1(p
j
1i − pj1dξ1 − pjmξ2)(σ 1j − σ 2j )+ ξ0

1+ pj1i(σ 1j − σ 2j )+ pj1dξ1(−σ 1j + σ 2j )


−ξ2

−pj2i + 2pjmξ1 + pj2dξ2 + pjm2ξ1ξ2(σ 1j − σ 2j )

+ pj1i

ξ1 + ξ2(pj2i − pj2dξ2)(σ 1j − σ 2j )

− pj1dξ1

ξ1 + ξ2(pj2i − pj2dξ2)(σ 1j − σ 2j )
 
σ 0j − σ 2j
+ ξ0 1+ pj1i(σ 1j − σ 2j )+ pj1dξ1(−σ 1j + σ 2j ) ,
σ−j = σ 0j +
ξ2 + p
j
ρξ1ξ2
pj1i−pj1dξ1+ 1−σ0j +σ1j
pj2i − pj2dξ2 − (p
j
m)
2ξ1ξ2
pj1i−pj1dξ1+ 1−σ0j +σ1j
+ 1−σ 0j +σ 2j
+ ξ1

1+
pjm
ξ2+ pjmξ1ξ2pj1i−pj1dξ1+ 1−σ0j +σ1j

pj2i−pj2dξ2−
(pjm)2ξ1ξ2
pj1i−p
j
1dξ1+ 1−σ0j +σ1j
+ 1−σ0j +σ2j
pj1i − pj1dξ1 + 1−σ 0j +σ 1j

, j = 1, 2.
(3.17)
4. Numerical results
In this section we illustrate the HS bounding scheme via its implementation for some specific examples, illustrating the
mechanism of accounting for various geometries at the microscale. The resulting bounds are then compared with some
experimental data and other predictive schemes.
362 C. Calvo-Jurado, W.J. Parnell / Journal of Computational and Applied Mathematics 318 (2017) 354–365
Fig. 6. Spheroidal distribution of the inclusions.
Fig. 7. Hashin–Shtrikman bounds on the effective transverse (left) and axial (right) thermal conductivity of a three-phase composite consisting of epoxy
matrix filled with carbon nanotubes (inclusion phase 1) and graphene nanoplatelets (inclusion phase 2). We plot the cases when ρ ik = ρdk = ρ = 1 (solid
lines), ρ i1 = ρd1 = 1 and ρ i2 = ρd2 = ρ = 0.1 (dashed lines) and ρ i1 = ρd1 = 10, ρ i2 = ρd2 = ρ = 1 (dot–dashed lines) in terms of the inclusion phase
volume fractions, taking for simplicity ξ1 = ξ2 = ξ .
4.1. Effective thermal conductivity of an epoxy matrix reinforced with carbon nanotubes (CNTs) and graphene nanoplatelets
(GNPs)
Epoxy resin is a frequently used polymer matrix as it is considered a viable substitute for metal alloys due to its
light weight and good chemical resistance. However, the low thermal and electrical conductivity constitute limits over its
applications in certain areas. To overcome this problem, in recent studies CNTs and GNPs have attracted attention as fillers
in epoxy resins since their 1D and 2D structure leads to an outstanding enhancement of the thermal conductivity of the
resulting composites.
Furthermore, experimental data from [26] shows that their hybrid consideration leads to an enhancement of the
propertieswith respect the use of one single filler. In this section, we apply our scheme to predict the effective properties of a
three phase compositemade up a host of epoxy resinwith inclusions of carbon and graphene for different kinds of inclusions
and spatial distributions of the fillers. Following [26,27] the (isotropic) thermal conductivities for the epoxy resin, CNTs
(prolate inclusions) and GNPs (oblate inclusions) are respectively σ 0j = σ e = 0.201 W/(Km), σ 1j = σ c = 3000 W/(Km)
and σ 2j = σ g = 2000 W/(Km), j = 1, 2. In Fig. 7, we plot the bounds for the effective thermal conductivity on transverse
(left) and axial (right) directions, plotting as a function of ξ = ξ1 = ξ2. The significant enhancement of thermal conductivity
is clearly visible.
In Fig. 8 we plot the HS bounds on the effective transverse (on the left) and axial (on the right) conductivities as a function
of ρ ik, for ξk = 0.3, k = 1, 2. The limiting cases corresponding to carbon nanofibers (CNFs) (ρ i1 →∞) and GNPs (ρ i2 → 0)
are also considered, illustrating that fibres do not have to be particularly long to reach the conductivity limit: ρ i2 = O(10).
Note also, that bounds coincide in the layered case.
4.2. Effective thermal conductivity of a three-phase soil
The prediction of the effective thermal conductivity and electrical resistivity of a three-phase medium made up water,
soil and air, are commonly employed in several applications such as artificial ground freezing, the food industry and for the
prediction of the nature of sedimentary formation for petroleum exploration. In this example we present bounds for the
transverse effective thermal conductivity of an unfrozen soil, comparing the obtained results with some experimental data
and another predictive model based on coated spheres [28]. Following [28] the numerical values of thermal conductivities
for the (isotropic) soil, water and air are respectively σ 0j = σ s = 2.5 W/(Km), σ 1j = σw = 0.6 W/(Km) and
σ 2j = σ a = 0.026 W/(Km), j = 1, 2. In Fig. 9, we plot the Hashin–Shtrikman bounds for different kinds of inclusions
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Fig. 8. Plots of the upper and lower Hashin–Shtrikman bounds on the effective properties of an epoxy/CNTs&GNPs as a function of the CNTs and GNPs
inclusion of aspect ratios ρ ik , k = 1, 2, for fixed volume fractions ξk = 0.3, k = 1, 2. With dashed-lines, the case ρ ik = ρdk = δ. With solid lines,
2δ = ρdk ≠ ρ ik = δ, k = 1, 2.
Fig. 9. Plots of the upper and lower Hashin–Shtrikman bounds on the effective properties of an unfrozen soil with inclusions of water and air. In both
figures, an identical spherical distribution (ρ ik = ρdk = δ) is employed for both kinds of inclusions for the HS bounds (dashed-lines). The Voigt-Reuss
bounds (solid lines) are also shown. Different symmetries are represented with dot–dashed lines, both with spherical mixed distribution (δ = 1). On the
left spherical inclusions (ρ i2 = 1) of air with oblate distribution (ρd2 = 0.5) and spherical inclusion of water (ρ i1 = ρd1 = 1). On the right spherical (ρ i1 = 1)
inclusions of water with prolate distribution (ρd1 = 1.5).
Fig. 10. On the left, plots of the upper and lower HS bounds (solid lines) on the effective properties of an unfrozen soil with spherical inclusions of water
and air, spherically distributed (ρ ik = ρdk = δ). Voigt-Reuss bounds (dot–dashed lines) and experimental data (circles marked). On the right, upper and
lower HS bounds on the effective properties of soil/water&air as a function of the water and air inclusions aspect ratios ρ ik, k = 1, 2 for fixed volume
fractions ξk = 0.3, k = 1, 2. With solid lines, the case ρ ik = ρdk ≠ δ and with dashed-lines, when ρ ik ≠ ρdk = δ, k = 1, 2.
with several geometrical distribution, showing also their improvement over the Voigt-Reuss bounds. In Fig. 10, we study
how the effective property depends on the shape of the inclusion and/or distribution (on the right). Also, we compare the
HS with some experimental data from [28], showing that these data are consistent with the bounds.
5. Concluding remarks
TheHashin–Shtrikman bounds are routinely employed to bound the effective properties of composites. In particular they
are frequently written down for two-phase particulate composites where the distribution of inclusions is assumed to be the
same as their shape. When this is not the case, as has been illustrated here, their construction is non-trivial and significant
consideration has to be given to the manner of their construction and the associated distribution spheroids. Here we have
illustrated how to construct the bounds in the context of three-phase particulate composites, firstly considering the general
case, before restricting attention to aligned spheroids, inducing transverse isotropy.
By employing five parameters, the bounds take into account the shapes of the spheroidal inclusion phases and their
corresponding spatial distributions [9]. Before now, although thought has been given to this problem, it does not appear that
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the construction of such bounds formulti-phasematerials with spheroidal distributions has been carried out, particularly as
regards themixed phase pair-correlation function. Incorporating this illustrates why, for example, theMori–Tanakamethod
will reside outside the Hashin–Shtrikman bounds.
Here we have illustrated the implementation of the HS bounds for a number of examples. Proper use of the bounds
ensures that correct HS bounds can be constructed on multiphase composites.
Appendix. The Hill (P) tensor
In this section, we discuss the nonzero components (P11, P22, P33 ∈ R), of the second order P-tensor for spheroids
with aspect ratio δ. This is employed for both the shape and distribution tensors for spheroids merely with an appropriate
modification of the aspect ratio. The explicit expressions below, can be deduced following e.g. the details in [21]. In particular
consider the particular case of a spheroidal inclusion with semi-axes a1 = a2 = a ≠ a3 = c (see Fig. 5) embedded
inside a transversely isotropic (TI) comparison phase with axis of symmetry along x3 and with elastic modulus tensor
6c = σ c1 (Θmn+ σ
c
2
σ c1
δm3δn3). In short-handnotation introduced in Section 3.3,wewrite this as6c = (σ c1 , σ c2 )withσ c2 /σ c1 = σ c
the coefficient of anisotropy and we also define the aspect ratio δ = c/a. The resulting Hill tensor Pi is TI and in the short-
hand notation, it may be written as Pi = (p1, p2), where we denote p1 = P11 = P22 and p2 = P33δ with (Section 4.2.1 of [21])
Pmnδ =
1
σ 1c
(ϕΘmn + ϕ3δm3δn3), ϕ = 12 (1− σ
cϕ3), ϕ3 = 1
σ c
T

δ√
σ c

. (A.18)
In (A.18), where the function T is given by the expression
T (x) = 1
1− x2 −
x
1− x2 ×

1
(x2 − 1) 12
arccosh(x), ∀x ∈ (1,+∞) (problate),
1
(1− x2) 12
arccos(x), ∀x ∈ [0, 1) (oblate).
Layered materials and long cylindrical fibre (strongly oblate and prolate). Limits when δ → 0 and δ → ∞ correspond to
particular cases of disc or layered medium and a long fibre-reinforced medium respectively. The Hill-tensor (A.18) in these
cases simplifies to the forms
Pfibre =

1
2σ c1
, 0

, Playered =

0,
1
σ c1

. (A.19)
Hill tensor for a spherical inclusion phase. If the heterogeneity has spherical shape (δ = 1), (A.18) leads to
Psphere =
1− T

1√
σ c

2σ c1
,
1
σ c2
T

1√
σ c
 . (A.20)
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